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Abstract
In this paper we build a family of heterotic deformations of the O(N)
sigma model. These deformations break (1, 1) supersymmetry down
to (0, 1) symmetry. We solve this model at large N . We also find an
alternative superfield formulation of the heterotic CPN sigma model
which was discussed in the literature before.ar
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1 Introduction
Various nonlinear sigma models have being investigated due to their similarities with non-
Abelian gauge theories. Polyakov introduced the O(N) bosonic sigma model and showed
that it is asymptotically free [1]. This model was solved exactly for N = 3 in Zamolodchikov’s
paper [2]. The supersymmetric generalization of the O(3) sigma model was constructed by
Witten in [3]. He also developed a technique for solving the CPN sigma model at large
N for both supersymmetric and non-supersymmetric theories [4]. The common feature of
the sigma models (without a mass), apart from being asymptotically free, is that due to
quantum effects the spontaneous symmetry breaking disappears, and the symmetry gets
restored. This fact is reflected by the absence of massless (not sterile) particles in the theory.
Two-dimensional sigma-models with (0, 2) supersymmetry have been considered some
time ago [5]1. More recently, the new interest in the heterotic CPN sigma model was induced
by the fact that this model naturally emerges as an effective theory of the moduli on the
world-sheet of the non-Abelian flux tubes [7] which are present in four dimensional SU(N)
Yang-Mills theories [8–10](for a review see [11]). The non-Abelian vortices for arbitrary gauge
group in particular for SO(N) and USp(N) were constructed in [12], while the generalization
for the higher winding numbers was done in [13]. Edalati and Tong suggested [14] that the
world sheet theory is a heterotic N = (0, 2) theory. It was proven to be correct in the
papers [15], where the heterotic model was explicitly obtained from the N = 2 SYM bulk
theory deformed by the mass terms of the adjoint fields. Since then the different aspects of
the CPN sigma model were considered in great details [16–19].
In the present work, inspired by the recent developments in heterotic CPN models, we
study heterotic deformation of a supersymmetric O(N) sigma model. The undeformed theory
contains N scalar and N spinor real-valued fields. The bosonic fields are confined on a
(N − 1)-sphere. For generic values of N only (1, 1) supersymmetry is present in the model,
while for N = 3 the model is equivalent to the supersymmetric CP1 sigma model, which
actually possesses N = (2, 2) supersymmetry2. Although, to our knowledge, no bulk theory
has been constructed for the heterotic O(N) supersymmetric sigma model 3– it is interesting
in its own right.
Given these obvious differences between SU(N) and O(N) models, one may expect to see
different physical properties in the large N limit. In the current paper we find the spectrum
of both (1, 1) and (0, 1) supersymmetric O(N) sigma models and observe that it is very much
reminiscent of the SU(N) models. The only major difference between the two models is the
number of vacua – it is always two in the orthogonal case and N in the unitary case (for the
CPN−1 model).
The paper is organized as follows. In Sec. 2 we discuss the (1, 1) supersymmetric O(N)
sigma model and introduce its heterotic deformation first in terms of superfields, then in
1More references about study of superspaces, renormalization of heterotic sigma models can be found
in [6]
2Due to the Ka¨hler structure of the target manifold, which is S2 in this case, the extra supercurrent
emerges lifting (1, 1) supersymmetry up to (2, 2).
3However, there is an example [20] when the O(3) sigma model emerges as an effective theory on the
world-sheet of the string in the N = 1∗ supersymmetric SU(2) gauge theory. But as we know the N = 3
case is special.
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components. In Sec. 3 we find the vacua of (0, 1) heterotic O(N) model and derive the
effective potential. Sec. 4 is devoted to the investigation of the spectrum of the model in
question, we give explicit formulas for the masses and the couplings at different values of the
deformation parameter. In Sec. 5 both the (0,2) heterotic CPN−1 and the weighted CPN−1
sigma models, which were discussed in [17] and [19], are formulated using the superfields. In
Sec. 6 we present conclusions, and Appendix A contains notations and conventions we use
in the paper.
2 Supersymmetric O(N) sigma model and its heterotic
deformation
The bosonic O(N) sigma model with coupling constant g0 can be formulated as follows. The
dynamics of N real-valued scalar fields, subject to the constraint
(ni)2 = 1, (2.1)
is governed by the action
S =
1
4g20
∫
d2x ∂µn
i∂µni . (2.2)
The constraint (2.1) means that the isovector field ni , i = 1, N is confined on a unit (N −1)-
sphere. The coupling constant g0 in (2.2) is a bare one. Considering additional fermionic
degrees of freedom one can easily supersymmetrize the model [3]. Supersymmetry is obvious
when the action is written in terms of the superfields 4
L = 1
4
∫
d2θ εαβDβN iDαNi = 2∂Lni∂Rni + iψiL∂RψiL + iψiR∂LψiR +
1
2
(F i)2, (2.3)
where the the so-called isovector superfield has the following components
N i = ni + θ¯ψi + 1
2
θ¯θF i , i = 1, . . . , N , (2.4)
with a generalization of the bosonic constraint (2.1)
N 2 = r0, (2.5)
where a new coupling was introduced r0 = g
−2
0 . In (2.4) ψ is a Majorana two-component
spinor together with θ in (2.3). All components of the isovector superfield N i (2.4) are real-
valued. We have rescaled the fields in such a way that the coupling constant appears in the
constraint (2.5) rather than in the action (2.3). Taking into account that
N 2 = nini + 2θ¯ψini + θ¯θ (F ini − 1
2
ψ¯iψi
)
, (2.6)
one can write the relations for the components of the superfields N i in the following form
n2 = r0 ,
niψαi = 0 ,
F ini − 1
2
ψ¯iψi = 0. (2.7)
4Our notations can be found in Appendix A.
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The usual way to take into account the constraint is to introduce a Lagrange multiplier. For
the case at hand the latter is a chiral superfield
S = σ + θ¯λ+ 1
2
θ¯θD. (2.8)
Again, as in (2.4) all the components of the superfield S are real-valued. Therefore the action
(2.3)can be rewritten in the following form
L =
∫
d2θ
[
1
4
εαβDβN iDαNi + 1
4e20
εαβDβS DαS + i
2
S (N 2 − r0)] , (2.9)
where the limit for the coupling constant e20 → ∞ is implied. Hence the auxiliary fields
are not dynamical for the time being, however, in Sec. 4 it will be shown that the coupling
constant gets renormalized, therefore, providing non vanishing kinetic terms for the auxiliary
fields. Those will be used in investigating the mass spectra of the theory.
Heteroric deformation. The model (2.9) is N = (1, 1) supersymmetric, namely it is
invariant under both left-handed and right-handed transformations. Now we are going to
deform it by adding an extra left-handed fermion mixing with the initial ones, obviously
breaking the (1, 1) supersymmetry down to (0, 1). Using the language of the superfields, we
add the new term which contains only left-handed fermion and an auxiliary field
∆L =
∫
d2θ
[
1
4
εαβDβBDαB − iγSB
]
, (2.10)
where the chiral superfield B has the form
B = θ¯ζ + 1
2
θ¯θG , ζ =
(
0
ζL
)
. (2.11)
It can be checked by a direct calculation that the above expression is indeed a superfield
only with respect to the following left-handed transformations
δζL = εLG , δG = −2iεL∂RζL . (2.12)
It is clear that the transformations involving εR do not preserve the form of B.
In the expression (2.11) the first term is the kinetic term for the left-handed field B (2.11),
γ is the real-valued parameter of the deformation, and the latter term has explicit dependence
on the Lagrange multiplier field S. Combined together with (2.9) the new constraint on the
isovector superfield reads
N iNi = r0 + 2γB, (2.13)
which only changes the latter two constraints from (2.7), namely
ψiLn
i = γζL ,
F ini − iψiLψiR = γG , (2.14)
4
leaving the first constraint and the constraint for the right-handed component of ψR intact.
The full Lagrangian is given by the expression
L = 2∂Lni∂Rni + iψiL∂RψiL + iψiR∂LψiR + 12F i2
+ iζL∂RζL +
1
2
G2 + iγλRζL + γGσ
− σ (F ini − iψiLψiR)− 12D (nini − r0)− iλRψiLni + iλLψiRni . (2.15)
Integration over the auxiliary fields F i and G yields
L = 2∂Lni∂Rni + iψiL∂RψiL + iψiR∂LψiR
+ iζL∂RζL − iλR(ψiLni − γζL) + iλLψiRni
− 1
2
γ2σ2 − 1
2
(
D + σ2
)
nini + 1
2
Dr0 + iσψ
i
Lψ
i
R . (2.16)
3 Effective Potential and Vacua
Given (2.16) we first wish to find the vacua of the theory similarly to [4] where the non-
supersymmetric U(N) sigma model was solved in the large-N limit. Integrating out ni and
ψi fields and expressing the result in terms of the dynamical scale Λ related to the bare
coupling constant by
r0 =
N
4pi
log
M2UV
Λ2
, (3.1)
with MUV being the ultraviolet cutoff, we obtain the following effective potential provided
the rest of the fermionic fields are put to zero
Veff =
N
8pi
[
D log
Λ2
D + σ2
+ σ2 log
σ2
σ2 +D
+D + uσ2
]
, (3.2)
where we have introduced a new deformation parameter
u =
4piγ2
N
. (3.3)
Minimizing the potential with respect to D and σ one finds the vacua of the theory
σ0 = ±Λe−
u
2 ,
D = Λ2 − σ2 . (3.4)
Thus, there are two different vacua in the deformed model for any finite parameter u. One
can integrate out the D field (3.2) and obtain the potential which depends only on σ
Veff =
N
8pi
[
Λ2 + σ2
(
log
σ2
Λ2
− 1 + u
)]
. (3.5)
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Figure 1: Feynman diagrams contributing to the wave function renormalization of σ.
Vacuum Energy. Plugging the vacuum solution (3.4) into (3.2) we calculate the vacuum
energy
Evac = N
8pi
Λ2
(
1− e−u) . (3.6)
From the expression above it is obvious that the supersymmetry is unbroken only if u = 0.
At small u the vacuum energy behaves linearly with u or quadratically with the deformation
parameter γ
Evac ∼ N
8pi
uΛ2 =
γ2
2
Λ2 . (3.7)
At large u the vacuum energy scales linearly with N
Evac ∼ N
8pi
Λ2 . (3.8)
4 Spectrum
The next goal is to find the spectrum of the theory. To do so we are to obtain the one-
loop effective action. The most straightforward way to calculate the action is to consider
small fluctuations of the fields around the vacuum and to use what is called the long wave
approximation. As a result we get the one-loop effective action in the large-N approximation
for the fields σ, λ and ζ
Leff = 1
2e2σ
(∂µσ)
2 +
i
2e2λ
λ¯γµ∂µλ− Veff (σ) + iζL∂RζL + 1
2
Γσλ¯λ+ iγλRζL, (4.1)
where eσ and eλ are the coupling constants that define the wave function renormalization of
the σ and λ fields correspondingly, and Γ is induced the Yukawa coupling of the λ and σ.
The wave function renormalization is easily calculated in the limit of small momenta. The
diagrams contributing to eσ are shown in Fig. 1 The actual calculation yields
1
e2σ
=
N
8pi
(
2
3
σ20
(σ20 +D)
2
+
1
3
1
σ20
)
=
N
24pi
eu
Λ2
[
1 + 2e−2u
]
. (4.2)
Similarly, the renormalization of λ is given by the diagram in Fig. 2.
1
e2λ
=
N
4pi
(
1
D
− σ
2
0
D2
log
σ20 +D
σ20
)
=
N
4pi
1
Λ2
1− e−u(1 + u)
(1− e−u)2 . (4.3)
Finally, the Yukawa coupling Γ can be found from either the triangular graph (see Fig. 3),
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Figure 2: The wave function renormalization for λ.
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Figure 3: The induced Yukawa vertex.
or, equivalently, as the masses renormalization from the diagram in Fig. 2,
Γ =
N
4pi
1
D
log
σ20 +D
σ20
=
N
4pi
1
Λ2
u
1− e−u . (4.4)
It is worth noting that although the fields σ and λ were introduced as auxiliary dummy fields
in (2.10), they become dynamical after integrating out the fields n and ψ. It is clear that in
the limit D → 0 or u → 0, which corresponds to the restoration of the supersymmetry, the
coupling constants eσ and eλ coincide
1
e2σ
=
1
e2λ
=
N
8pi
1
σ20
. (4.5)
Now we can turn to actual calculation of the mass spectrum. It is obvious that the n and
ψ fields acquire mass due to the VEV of D and σ, namely
m2ψ = σ
2
0,
m2n = σ
2
0 +D. (4.6)
From the effective Lagrangian (4.1) one can easily find the expressions for the masses of the
auxiliary field σ
mσ = Λ
√
6
eu/2√
1 + 1
2
e2u
. (4.7)
At nonzero values of the heterotic deformation parameter mixing between ζL, λL and λR
occurs. In order to find the mass states, one needs to transform the fermion mass matrix
to the canonical form. However, it is clear that there is a massless mode since only the
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left fermion was introduced. To see this, one has to find the solution of the characteristic
polynomial, corresponding to the fermion mass matrix
m
(
m2 − γ2e2λ − σ20e4λΓ2
)
= 0, (4.8)
which indeed has zero solution for any u. There is also another solution of the characteristic
polynomial. Summarizing, we find the following masses of the fermions
mF = 0,
mF =
√
γ2e2λ + σ
2
0e
4
λΓ
2 = 2Λ
√
u (eu − 1)
eu − 1− u sinh
u
2
. (4.9)
4.1 Spectrum of masses at small u
First, when the supersymmetry is unbroken u = 0, D = 0 the masses of superpartners
coincide. For the fields ni and ψi it become
mψL,R = mn = Λ, (4.10)
while for the fermion λL,R and boson σ we have
mλL,R = mσ = 2Λ . (4.11)
The ζL field is decoupled from other fields, it is sterile and massless.
4.2 Spectrum of masses at large u
When the parameter of heterotic deformation gets bigger, the splitting between the masses
in our theory becomes more dramatic. For the ni and ψi particles they are
mn =
√
D + σ2 = Λ , mψ = Λe
−u
2 , (4.12)
thus the fermions become much lighter than bosons. The couplings behave differently as
well. The coupling for σ is
1
g2σ
=
N
4pi
eu
6Λ2
, (4.13)
and for λ it becomes
1
g2λ
=
N
4pi
1
Λ2
. (4.14)
The mass of the σ field goes exponentially to zero for large u
mσ = 2
√
3Λe−u/2. (4.15)
The fermion mass matrix has a zero eigenvalue corresponding to the now massless left com-
ponent of the field λL, while the mixture of the fields ζL and λR produce the mass term
mλR,ζL = Λ
√
u. (4.16)
We see that being equal in the limit u → 0 the masses of σ and λ now become essentially
different. For arbitrary value of the deformation parameter the ratio of the fermion matrix
eigenvalue and the mass of σ is plotted in Fig. 4. Although the masses become equal not
only for u = 0, there is no restoration of the supersymmetry. First, there is still a Goldstino
and second, the vacuum energy (3.7) is not equal to zero at that point.
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Figure 4: The ratio of the fermion mass matrix eigenvalue to the mass of σ as a function deformation
parameter u.
5 Superfield formulation of the heterotic N = (0, 2)
CPN−1 sigma model
Distler and Kachru [21] constructed a very wide class of heterotic (0, 2) Calabi-Yau sigma
models and provided gauged formulation for them. Their construction employs fiber bundles
over complex projective spaces and includes heterotic (0, 2) CPN−1 sigma model in it. In
this section we give a simple alternative derivation of the (0, 2) heterotic (weighted) CPN
sigma model from the Majorana formalism we used above.
Recall that for the O(N) sigma model we used the following trick – the constraint on
the isovector superfield was replaced by a different one, but it did not affect the lowest
component constraint; thereby the geometry of the theory was not deformed. In order to
apply this trick for the CPN−1 model we write its action in the form found in [22] and deform
it by adding the coupling of chiral field
B = −θ¯ζ + 1
2
θ¯θF¯F , (5.1)
constraint superfield
S =
√
2σ1 +
√
2θ¯u+ 1
2
θ¯θD (5.2)
and spinor superfield
Aα = −i(γµθ)αAµ +
√
2(γ5θ)ασ2 +
√
2θ¯θ vα,
where θ is a Majorana spinor, σ1, σ2, Aµ, uα, vα and D are real fields, while ζ and F are
complex ones 5. Introducing now the complex isovector superfield
N i = ni + θ¯ξi + 1
2
θ¯θF i, (5.3)
we can write the Lagrangian of the model in the following form
LCPN =
∫
d2θ
[
1
2
εβα(Dα + iAα)N †i (Dβ − iAβ)Ni + iS(N †i Ni − r0)
+ 1
4
εβαDαB†DβB +
(
i ω B(S − i
2
Dγ5A) + H.c.) ] , (5.4)
5Note that for the present section we changed the notations of the fields in order for the reader to see
the equivalence with the Lagrangian from [17] more easily. Also for convenience we consider ζ to be a
right-handed fermion and use the definition ∂L,R = ∂0 ± ∂1 instead of one mentioned in Appendix.
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where ω is the complex-valued deformation parameter and Dγ5A = Dα (γ0γ5)αβ Aβ. Some
comments about the Lagrangian are due. The advantage of the superfield formulation is
that the supersymmetry is manifest without an explicit check. Although the Lagrangian for
the undeformed theory is written using the N = (1, 1) formulation it possesses N = (2, 2)
symmetry due to the Ka¨hler structure of the target space [23]. The field B is a superfield
only with respect to the half of supertransformations θR → θR + εR, therefore the symmetry
of the deformed Lagrangian is N = (0, 2) one. Also it should be noted that the field Aα
has the form (5.3) only if one considers a particular gauge. Starting from the most general
expression for the real spinor field
Aα = aα + Aθα − i(γµθ)αAµ +
√
2(γ5θ)ασ2 + θ¯θ
(
vα +
i
2
(γµ∂µa)α
)
, (5.5)
one can use the following gauge transformations
Aα → Aα −DαΦ, (5.6)
with Φ being the scalar real superfield, to eliminate aα and A. The undeformed Lagrangian is
obviously gauge invariant, while the invariance of the deformation is more subtle. The trans-
formation of the term Dα (γ0γ5)αβ Aβ is proportional to (γ0γ5)αβ DαDβΦ, which is identically
zero since the operators D1 and D2 anticommute.
Carrying out the calculations and integrating out the auxiliary fields F and F we recover
the Lagrangian of the (0, 2) CPN−1 sigma model considered in [17]
LCPN = |∇µni|2 + iξ¯iL∇RξiL + iξ¯iR∇LξiR − 2|σ|2|ni|2 −D
(|ni|2 − r0)
+
[
i
√
2n¯i
(
λLξ
i
R − λRξiL
)− i√2σξ¯iRξiL + H.c.]− 4|ω|2|σ|2
+ i
2
ζ¯R∂LζR −
[
i
√
2ωλLζR + H.c.
]
, (5.7)
where the following complex fields have been introduced
σ = σ1 + iσ2 , λα = uα + ivα, (5.8)
and ∇µ = ∂µ − iAµ is a usual notation for the covariant derivative.
Analogously, the weighted CPN sigma-model considered in [19] which emerges from the
reduction of N = 1 supersymmetric QCD with gauge group U(Nc) and Nf flavors can be
easily deformed to the chiral version by (5.4), where the constraint N †i Ni = r0 is replaced
by
Nc∑
i=1
N †i Ni −
Nf∑
i=Nc+1
N †i Ni = r0 . (5.9)
In components the Lagrangian reads
LwCPN = |∇µni|2 + |∇µρi|2 + iξ¯iL∇RξiL + iξ¯iR∇LξiR + iη¯iL∇RηiL + iη¯iR∇LηiR
− 2|σ|2|ni|2 − 2|σ|2|ρi|2 −D
(|ni|2 − |ρi|2 − r0)− 4|ω|2|σ|2
+
[
i
√
2n¯i
(
λLξ
i
R − λRξiL
)− i√2σξ¯iRξiL + H.c.]
+
[
−i
√
2ρ¯i
(
λ¯Lη
i
R − λ¯RηiL
)
+ i
√
2σ¯η¯iRη
i
L + H.c.
]
+ i
2
ζ¯R∂LζR −
[
i
√
2ωλLζR + H.c.
]
, (5.10)
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with
N i = ni + θ¯ξi + 1
2
θ¯θF i, i = 1, . . . , Nc,
NNc+i = ρi + θ¯ηi + 1
2
θ¯θF i, i = 1, . . . , Nf −Nc. (5.11)
6 Conclusions
In this paper we have constructed the heterotic N = (0, 1) supersymmetric O(N) sigma
model. Similarly to the CPN sigma model it can be solved at large N . As a result we found
the effective potential of the theory, which allowed us to get the spectrum. It appeared to
be very much reminiscent of the spectrum of the (0, 2) CPN sigma model in spite of the fact
that the latter possesses a Ka¨hler structure, and therefore a larger supersymmetry, whereas
the former does not. For all values of the deformation parameter there is a massless fermion.
For γ = 0 it is the extra left-handed sterile fermion, while for γ 6= 0 it is a Goldstino (mixture
of the additional left-handed fermion and the initial right-handed one) corresponding to the
supersymmetry breaking. The existence of the Goldstino is the evidence of the fact that
the supersymmetry becomes broken at any nonzero value of the deformation parameter.
Another proof of the supersymmetry breaking is the presence of the nonzero vacuum energy
density. Also fields from the same multiplet acquire different masses when the deformation
is turned on.
The low energy one-loop effective potential has two vacua. From the naive point of view
there should be one kink (and one antikink) interpolating between those vacua. However,
such an argument leads to a wrong conclusion about the number of kinks for the CPN sigma
model. For the latter kink dynamics has been studied to a very high extent (see [9, 24] and
[19]). It was found that the different kinks correspond to the different integration contours in
the σ plane and that the number of kinks interpolating between two different vacua depends
not only on N but also on the number of vacua separating those two. Therefore, the question
about the number of kinks in the O(N) theory should be worked out more carefully.
In the current paper we used MajoranaN = 1 superfield formalism while constructing the
action of the O(N) sigma-model. The heterotic deformation was rendered by the coupling of
the extra chiral superfield to the auxiliary superfield we have used to build up the undeformed
theory. We then generalize this construction to the heterotic (0, 2) CPN and weighted CPN
sigma models by adding an additional auxiliary superfield and modifying the interaction
between the chiral superfield and the auxiliary superfields. One may now try to use our
methods for investigating sigma models with twisted masses and their chiral deformations.
Perhaps at this point the most intriguing question to be answered is from which four-
dimensional bulk theory does the O(N) sigma model originate from (if any). The analogy
with U(N) Yang-Mills theory and CPN−1 sigma models discussed in [7] and references therein
is not clear – what number of supersymmetries does the bulk theory have to have? It
is interesting to understand by means of what (extended object or mechanism) the bulk
supersymmetry gets broken.
Finally, the results of this paper hopefully can be used in string theory applications.
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A Notations
Here we list the notations and some useful relations we use in the paper.
Gamma matrices
γ0 = σ2 =
(
0 −i
i 0
)
, γ1 = iσ1 =
(
0 i
i 0
)
, γ5 = γ0γ1 = σ3 =
(
1 0
0 −1
)
. (A.1)
Antisymmetric symbol
εαβ =
(
0 1
−1 0
)
. (A.2)
Left and right coordinates
xL = x0 + x1, ∂0 = ∂L + ∂R, ∂L =
1
2
(∂0 + ∂1) ,
xR = x0 − x1, ∂1 = ∂L − ∂R, ∂R = 12 (∂0 − ∂1) . (A.3)
Left and right fermions
ψ =
(
ψR
ψL
)
(A.4)
are eigenstates of γ5
γ5ψR,L = ±ψR,L . (A.5)
Derivatives and integrals∫
d2θ θ¯θ =
∫
dθ1 dθ2θ¯θ =
∫
dθ1 dθ2 2iθ2θ1 = 2i ,
∂
∂θ¯α
θβ = γ
0
αβ . (A.6)
Contraction of indices for Majorana fermions
ψ¯θ = ψ†γ0ψ = ψTγ0ψ = iθ2ψ1 − iθ1ψ2 = θ¯ψ , (A.7)
θ¯γ0,1θ = (θ1)
2 = (θ2)
2 = 0 , (A.8)
θ¯θ = 2iθ2θ1 = −2iθ1θ2 ,
θαθβ =
i
2
αβ θ¯θ = −12γ0αβ θ¯θ ,
θ¯αθβ =
1
2
δαβ θ¯θ . (A.9)
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Some relations for gamma matrices
γµT = −γ0γµγ0 ,
γµ† = γ0γµγ0 . (A.10)
Supersymmetry transformations. Coordinate transformations
xµ → xµ + iε¯γµθ,
θα → θα + εα,
θ¯α → θ¯α + ε¯α. (A.11)
Chiral superfield
Φ = φ+ θ¯ψ + 1
2
θ¯θF , (A.12)
obeys the following supertransformations
δn = ε¯ψ,
δψ = −i∂µnγµε+ εF,
δF = −iε¯γµ∂µψ . (A.13)
A natural generalization of the chiral superfield is the isovector superfield
N i = ni + θ¯ψi + 1
2
θ¯θF i , i = 1, . . . , N . (A.14)
Supertransformations act as
δΦ = ¯QΦ (A.15)
Supersymmetry generators
Qα =
∂
∂θ¯α
− i (γµθ)α ∂µ , (A.16)
Covariant derivative
Dα = ∂
∂θ¯α
+ i (γµθ)α ∂µ , (A.17)
anticommutes with the supercharge
{Qα,Dβ} = 0 . (A.18)
Chiral Notation. One can use the following identification
xµ = γµαβx
αβ , µ = 1, 2 , α, β = 1, 2 . (A.19)
Having done so we can write
Qα = αβ
∂
∂θβ
+ θβ∂αβ . (A.20)
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Accordingly we have
{Q1,Q1} = 2∂12 = 2
(
i
∂
∂t
− i ∂
∂x
)
= 2(H + P) ,
{Q2,Q2} = 2∂21 = 2
(
i
∂
∂t
+ i
∂
∂x
)
= 2(H−P) ,
{Q1,Q2} = 0 , (A.21)
where H and P are energy and momentum charges respectively. Covariant derivative reads
Dα = iαβ ∂
∂θβ
− iθβ∂αβ . (A.22)
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